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Design of Experiments – Optimize Design 
 
Summary 
The Optimize Design selection on the DOE menu creates D-optimal designs by picking a subset 
of runs from a list of candidate runs provided by the user. D-optimal designs are experiments that 
minimize a quantity related to the volume of the joint confidence region for the regression 
coefficients in the model fit to describe the relationship between the experimental factors and the 
response variables. The user begins the procedure by specifying the model to be fit, a set of 
candidate runs, and the number of runs desired. The procedure then invokes an algorithm that 
selects a subset of those runs that have high D-efficiency. 
 
Two important uses of D-optimal designs are discussed in this document: 
 

Example #1: augmenting an experiment that was poorly designed. In this case, the 
procedure selects additional runs that help most given the runs that have already been 
performed. 
 
Example #2: selecting runs in a mixture experiment with active constraints. When an 
extreme vertices design is created and the augment design option selected, the number of 
runs generated may be greater than is necessary to estimate the desired model. 
 

Example #1 – Fixing a Poorly Designed Experiment 
Suppose that an experimenter was interested in studying 3 factors over the following region: 
 

Factor Low High Units 
Temperature 160 180 degrees 
flow rate 50 80 liters/min 
Concentration 20 40 % 

 
Unfortunately, rather than designing a well-balanced experiment from the beginning, he decided 
to try a few runs that he thought might work well. The runs performed are shown below, together 
with the measured response: 
 

run temperature flow rate concentration yield 
1 160 50 20 18.7 
2 180 75 40 32.9 
3 165 80 25 22.1 
4 175 80 35 29.0 
5 170 55 25 22.8 
6 180 75 35 29.9 

 
After 6 runs and little progress, he decided to stop and design a good experiment. He did not, 
however, want to throw away the runs that had already been performed, each of which was 
costly and time-consuming. 
 
The general procedure that will be taken in this case is the following: 
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1. A multi-level factorial design will be constructed with a large number of runs that cover 

the entire experimental region of interest. 
2. The 6 runs already performed will be added to the multilevel factorial. 
3. The Optimize Design procedure will be used to select 9 additional runs to add to the first 

6. 
 

Step 1: Specifying the Candidate Runs 
Before using the Optimize Design procedure in STATGRAPHICS, an experiment file must be 
created containing the candidate runs from which the subset will be selected. For experiments 
involving process variables, this is most easily done by creating a multilevel factorial 
experiment. The DOE – Multilevel Factorial Designs documentation describes the construction 
of a 5x5x5 factorial design using the variables and experimental region described above. The 
design consists of all combinations of 5 levels of the factors, spaced evenly between the low and 
high levels. Each of the 125 combinations is then replicated twice, for a total of 375 candidate 
runs, which are stored in the file named multilevel.sfx. 
 
To create a D-optimal design, this file will be loaded using the Open Data Source option on the 
File menu: 
 

 
 
After the runs are loaded into the datasheet, the 6 runs already performed are added by hand to 
the bottom of the sheet: 
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Note the following: 
 

1. A separate block number has been indicated for the earlier runs. Depending upon whether 
the experimenter believes that conditions may have changed since the earlier runs, the 
block numbers may or may not be included in the model to be fit. The Analysis Options 
dialog boxes in both the Analyze Design and Optimize Design procedures contain an 
option to ignore block numbers. 

 
2. The measured values of the response variable have been entered. This will force these 6 

runs to be selected by Optimize Design, since it always selects runs that have already 
been performed. 

 
The 381 candidate runs have been saved in the candidates.sfx file. 

 

Step 2: Specify the Model to be Fit 
Once the candidate runs have been loaded into the datasheet, Optimize Design is selected from 
the Design of Experiments menu. The Analysis Options dialog box will then be displayed on 
which to select the model to be evaluated and the run selection algorithm to be used:  
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 Maximum Order Effect: maximum order effect to be included in the model. Specify “1” for 

a model containing only main effects, or specify “2” if two-factor interactions or quadratic 
effects are to be included. 

 
 Ignore Block Numbers: check if block effects are to excluded from the model. Otherwise, 

columns will be added to the X matrix to distinguish between the blocks. 
 
 Confounding Pattern: If the original design is a fractional factorial or Plackett-Burman 

design, the analysis procedures normally examine the confounding pattern to determine 
which effects can be estimated. Changing the settings to “From Data” will force the program 
to try and estimate all effects that are not either perfectly confounded with other effects or 
excluded by using the Exclude button. 

 
 Desired number of runs: the final number of runs that the procedure should select. The 

number initially displayed is the absolute minimum, corresponding to the number of 
coefficients in the underlying regression model. Normally, the number will be increased to 
allow for the estimation of the experimental error. 

 
 Method: the method used to select the runs. Since the number of ways of choosing subsets of 

the candidate runs is too large to check all possibilities, STATGRAPHICS (like other 
programs) uses a selection algorithm to choose a subset. The Forward method begins with 
the runs that have already been performed (if any) and adds runs one at a time, adding at each 
step the run that adds the most to the D-efficiency of the experiment. The Backward method 
begins with all of the candidate runs and removes runs one at a time, removing at each step 
the run that adds the least to the D-efficiency of the experiment. In either case, once the 
desired number of runs have been selected, an exchange algorithm can be performed. This 
algorithm tests all pairs of runs consisting of one that has been selected and one that has not, 
making any exchanges that would increase the efficiency of the experiment. Exchanges 
continue until no further improvements can be made by switching one run that’s been 
selected with one run that has not. 

 
 Exclude Button: Press this button to exclude specific effects from the model. The following 

dialog box will be displayed: 
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Double-clicking on any effect will move it from one side to the other. 

 
In the example, the experimenter decided to ignore block effects and fit the second-order model 
shown below: 
 

3223311321123322110 XXXXXXXXXY    
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This model has a total of p = 10 coefficients. Adding 3 degrees of freedom to estimate the 
experimental error would require a total of N = 15 runs. 
 

Analysis Summary 
In the example, the forward algorithm yields a design with a slightly higher efficiency than the 
backward algorithm. The Analysis Summary is shown below: 
 
Optimize Experiment 
File name: C:\DocData16\multilevel.sfx 
 
Selection criterion: D-optimality 
Desired number of runs: 15 
Selection method: Forward with exchange at end 
Model order: 2 
 
Number of runs already completed: 6 
Additional candidate runs: 375 
 
D-optimal Design 
Design has been reduced to 15 runs. 
D-efficiency = 41.5387% 
A-efficiency = 23.1172% 
G-efficiency = 75.5898% 
 
Press the Tabular Options button to display the worksheet of selected runs. 
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The table displays information about the options that were selected and measures of the 
efficiency of the resulting design. Three measures of efficiency are given: 
 
 D-efficiency - compares the determinant of XX to the value of the best possible design 

according to: 
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after the design matrix X has been scaled so that the low level of each factor equals -1 and the 
high level equals 1.  In the above equation, N is the total number of runs selected and p is the 
number of estimated coefficients in the model to be fit.  D-efficiency is related to the volume 
of a confidence region for the regression coefficients. The measure is defined so as to allow 
comparison of designs with different numbers of runs.  A design with higher D-efficiency is 
preferred. 
 

 A-efficiency - compares the sum of the variances of the estimated regression coefficients 
without considering their covariances: 
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 G-efficiency - compares the maximum prediction standard error m over the design points 

through: 

%
/

100 











m

Np
efficiencyG


                 (4) 

 
For designs with equal D-efficiency, the other two criteria can be used to select the better design.  
In a “fix-up” design such as this one, the design efficiencies may well be quite low when 
requesting a minimal number of runs. 
 
 
Candidate List 
The Candidate List table displays each of the candidate runs with an asterisk next to those that 
have been selected. A small portion of the list is shown below: 
 

Candidate List 
 run block temperature flow rate concentration 
 1 1 160.0 50.0 20.0 
 2 1 165.0 50.0 20.0 
 3 1 170.0 50.0 20.0 
 4 1 175.0 50.0 20.0 
 … … … … …  
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Worksheet 
The Worksheet table shows only the runs that have been selected: 
 

Worksheet for candidates.sfx 
run block temperature flow rate concentration yield 
  (degrees) (liters/min) (%)  
55 1 180.0 50.0 30.0  
101 1 160.0 50.0 40.0  
105 1 180.0 50.0 40.0  
121 1 160.0 80.0 40.0  
150 2 180.0 80.0 20.0  
255 3 180.0 50.0 20.0  
263 3 170.0 65.0 20.0  
271 3 160.0 80.0 20.0  
311 3 160.0 65.0 30.0  
376 4 160.0 50.0 20.0 18.7 
377 4 180.0 75.0 40.0 32.9 
378 4 165.0 80.0 25.0 22.1 
379 4 175.0 80.0 35.0 29.0 
380 4 170.0 55.0 25.0 22.8 
381 4 180.0 75.0 35.0 29.9  

 
Note that the table includes the 6 runs already performed in the example, together with 9 new 
runs. 
 
Pane Options 
 

 
 
 Line Spacing: the spacing of runs when sent to a printer.  Double or triple spacing leaves 

more room for writing in the results by hand. 
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 Start Row and End Row: the range of row numbers to include in the worksheet. 
 
 Responses to Include: the responses to be included on the printed worksheet.  Analysts may 

wish to print a separate worksheet for each response if the number of experimental factors is 
large. 

 
 
Saving the Selected Runs 
Once satisfied with the selection of runs, the experimenter may eliminate all of the other runs 
from the datasheet by pressing the Save Results button. The D-optimal design may then be saved 
to disk by selecting Save Design As from the File menu. 
 
 

Example #2 – Selecting Runs from an Extreme Vertices Design 
The second example is from Myers and Montgomery (2002) and concerns a mixture experiment 
in which the researchers wished to find a formulation for a shampoo that gave a desired foam 
height. Three components could be varied, subject to the following constraints: 
 
 0.20  lauryl sulfate  0.30 
 
 0.07  cocamide  0.10 
 
 0.13  lauramide  0.20 
 

lauryl sulfate + cocamide + lauramide = 0.5 
 
It was desired to fit a quadratic model of the form: 
 

322331132112332211 XXXXXXXXXY      (5) 

 

Step 1: Specifying the Candidate Runs 
The candidate runs are created by first selecting Create Design from the DOE menu. 
 
The design is a mixture experiment with one response and 3 components: 
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Each component has an upper and lower constraint, and the components must sum to 0.5: 
 

 
 
Foam height is the one response variable: 
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Because of the nature of the upper and lower constraints, the feasible experimental region does 
not form a complete simplex. Consequently, the only design type available is the extreme 
vertices design: 
 

 
 
The program has already figured out and displayed the number of vertices of the feasible 
experimental region, which in this case is only enough to estimate a linear model. In order to fit 
more complicated models, additional runs will need to be added by augmenting the design. 
 
The final dialog box allows the experimenter to add additional blends at the centers of the edges 
of the feasible region, at axial checkpoints on lines from the vertices to the overall centroid, in 
the center of faces of the feasible region, and at the overall centroid: 
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The number of unique design points after augmentation is 13. 
 
The worksheet below shows the 13 runs generated by the Create Design process: 
 

Worksheet for shampoo.sfx - Shampoo foam experiment 
run lauryl sulfate cocamide lauramide foam height 
1 0.3 0.07 0.13  
2 0.27 0.1 0.13  
3 0.2 0.1 0.2  
4 0.23 0.07 0.2  
5 0.275 0.0775 0.1475  
6 0.26 0.0925 0.1475  
7 0.225 0.0925 0.1825  
8 0.24 0.0775 0.1825  
9 0.285 0.085 0.13  
10 0.265 0.07 0.165  
11 0.235 0.1 0.165  
12 0.215 0.085 0.2  
13 0.25 0.085 0.165  

 

The runs are as follows: 
 

Runs 1-4: the vertices. 
 
Runs 5-8: the axial checkblends at the center of line segments connecting the vertices 
with the centroid of the feasible region. 
 
Runs 9-12: the centerpoints of edges connecting each pair of adjacent vertices. 
 
Run 13: the design centroid. 

 
In order to give the Optimize Design procedure some replicate runs to choose from, the runs in 
rows 1-13 were then copied and pasted into rows 14-26. 
 

Step 2: Specify the Model to be Fit 
Once the 26 candidate runs have been loaded into the datasheet, Optimize Design can be selected 
from the Design of Experiments menu. For a mixture experiment, the Analysis Options dialog 
box takes the following form: 
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 Model to Fit: most complicated mixture model to be fit. 
 
 Desired number of runs: number of runs to be selected. 
 
 Method: the method used to select the runs, as discussed earlier. 
 
 Exclude Button: Press this button to exclude specific effects from the model.  
 
Either algorithm gives the design shown in the Analysis Summary below: 
 
Optimize Experiment 
File name: C:\DocData\shampoo.sfx 
Comment: Shampoo foam experiment                               
 
Selection criterion: D-optimality 
Desired number of runs: 13 
Selection method: Forward with exchange at end 
Model type: Quadratic 
 
Number of runs already completed: 0 
Additional candidate runs: 26 
 
D-optimal Design 
Design has been reduced to 13 runs. 
D-optimality = 0.00000313959 
A-optimality = 2248.85 
G-efficiency = 93.37% 
 
Press the Tabular Options button to display the worksheet of selected runs. 

 
The table displays: 
 
 D-optimality: the determinant of XX, where X is the design matrix expressed in pseudo 

components. This is the quantity that has been maximized by the procedure. 
 
 A-optimality: the trace of XX-1. Smaller values are preferred. 
 
 G-efficiency: compares the maximum prediction standard error m over the design points as 

defined earlier. 
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The Candidate List shows the 13 runs that have been selected: 
 

Candidate List 
 run lauryl sulfate cocamide lauramide 
 * 1 0.3 0.07 0.13 
 * 2 0.27 0.1 0.13 
 * 3 0.2 0.1 0.2 
 * 4 0.23 0.07 0.2 
 5 0.275 0.0775 0.1475 
 6 0.26 0.0925 0.1475 
 7 0.225 0.0925 0.1825 
 8 0.24 0.0775 0.1825 
 9 0.285 0.085 0.13 
 * 10 0.265 0.07 0.165 
 11 0.235 0.1 0.165 
 12 0.215 0.085 0.2 
 * 13 0.25 0.085 0.165 
 * 14 0.3 0.07 0.13 
 * 15 0.27 0.1 0.13 
 * 16 0.2 0.1 0.2 
 * 17 0.23 0.07 0.2 
 18 0.275 0.0775 0.1475 
 19 0.26 0.0925 0.1475 
 20 0.225 0.0925 0.1825 
 21 0.24 0.0775 0.1825 
 * 22 0.285 0.085 0.13 
 23 0.265 0.07 0.165 
 * 24 0.235 0.1 0.165 
 * 25 0.215 0.085 0.2 
 26 0.25 0.085 0.165 

* indicates a run selected to achieve D-optimality 
 
Each of the four vertices is to be run twice (#1-#4 and #14-#17). The centroid (#13) is run once. 
All of the edge centers are also run (#10, #2, #24, and #25). None of the axial checkblends were 
selected. 
 
For a good discussion and illustration of this example, see Myers, Montgomery, and Anderson-
Cook (2009). 
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